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ABSTRACT

Extremal Problems on Hamming Graphs

By

Jonathan Joseph Davidson

This thesis studies forbidden subgraph problems in Hamming graphs H(n, q).

Classical extremal graph theory focuses on the dense setting where the host is the

complete graph, but many natural networks are sparse and possess geometric or

product-like structure. Understanding extremal thresholds in these settings requires

methods that reflect the combinatorial geometry of the host. Our first main result is

a Turán-type theorem for H(n, q) in the regime where n is fixed and q → ∞. We show

that cliques Kr are dimensionally constrained, meaning every copy of Kr lies inside

a single coordinate fiber. Using this structure and applying Zykov symmetrization

within each fiber, we prove

ex(H(n, q), Kr) = nq n−1 ex(Kq, Kr),

and the extremal graphs are obtained by placing a Turán graph T (q, r − 1) on every

fiber. We also prove an Erdős–Stone type theorem for Hamming graphs. If F is

dimensionally constrained and has chromatic number χ(F ) ≥ 3, then

ex(H(n, q), F )

|E(H(n, q))|
= 1− 1

χ(F )− 1
+ oq(1).

Thus, in the dense regime q → ∞, the extremal density in H(n, q) matches the

classical Erdős–Stone density. We conclude by outlining structural questions about

dimensionally constrained graphs and directions for extending these methods beyond

the one-dimensional fiber setting.
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3.4. Erdős–Stone–Simonovits Theory .................................................... 34

3.5. Bipartite Extremal Problems.......................................................... 37

3.6. Open Problems and the Rational Exponents Conjecture ............... 41

4. Extremal Graph Theory on Hamming Graphs ......................................... 44

4.1. Even Cycles in the Hypercube........................................................ 44

4.2. Forbidden Subgraphs in Hamming Graphs..................................... 46

4.3. Dimensionally Constrained Subgraphs of Hamming Graphs .......... 47

5. Conclusion and Further Directions ........................................................... 55

5.1. Even Cycles and Chung-Type Results on Hamming Graphs.......... 55

5.2. Extremal Problems in the High-Dimensional, Fixed-q Regime....... 56

5.3. Characterizing Dimensionally Constrained Graphs ........................ 58

5.4. Partially Dimensionally Constrained Graphs ................................. 58

References .............................................................................................................. 60

vii



LIST OF FIGURES

Figure

2.1. The complete graph K5 and the empty graph K5. .................................. 10

2.2. Subgraphs vs. Induced Subgraphs ........................................................... 12

2.3. The graphs P4 and C6.............................................................................. 13

2.4. Odd cycle from vertices with different distance parities. ......................... 15

2.5. Example of a bipartite graph and a 3-partite graph. ............................... 15

2.6. The Turán graph T (10, 4). ....................................................................... 16

2.7. Vertex removal process on T (8, 3)............................................................ 17

2.8. The product graph K3□P4....................................................................... 17

2.9. The hypercube Q3 and the Hamming graph H(2, 3) ............................... 18

2.10. Inclusion map example............................................................................. 19

2.11. Induced homomorphism example. Map is specified by labeling. ............. 20

2.12. Graph isomorphism example. Map is specified by labeling. .................... 21

3.1. Zykov symmetrization of a pair of nonadjacent vertices u and v............. 31

viii



CHAPTER 1

Introduction

The widespread adoption of large language models and neural networks over

the past decade has heightened the need for mathematical tools to analyze large

and complex networks. One rigorous mathematical framework for analyzing such

networks is property testing, which seeks to infer global structure from limited local

information. For instance, the detection of network motifs—small induced subgraphs

occurring with higher frequency within a network—has been proposed as a means of

decomposing neural and biological networks into fundamental building blocks [14].

Understanding the conditions under which particular motifs arise naturally leads to

questions of an extremal nature, connecting motif analysis to the forbidden subgraph

problem in combinatorics. Given a host graph G and a forbidden graph F , the

forbidden subgraph problem asks for the extremal number ex(G,F ), the maximum

number of edges in a subgraph G that contains no subgraph isomorphic to F .

Sparse host graphs such as certain Cayley graphs provide natural models for

networks whose connectivity reflects similarity, locality, or symmetry rather than ran-

domness. These highly regular structures capture geometric and algebraic constraints

that frequently arise in neural, biological, and information networks. Recent studies

in biological and neural networks have shown that geometric constraints—for exam-

ple, embedding in low-dimensional spaces—significantly shape network connectivity

and motif frequencies [15, 18]. At the same time, algebraic and symmetry constraints

in neural network architectures and graph-based models reflect group and invariant

structures in data [22, 23]. Extremal questions on such hosts quantify how dense a
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system with built-in structure can become before a prescribed substructure must ap-

pear. These thresholds offer a combinatorial analogue of phase transitions in network

behavior. Moreover, the symmetry and product-like geometry of these graphs make

them testbeds for studying how local constraints influence global structure.

While this thesis focuses on studying the forbidden subgraph problem in the

sparse host graph setting, the study of extremal combinatorics stems from the dense

host graph setting. Before turning to the sparse case, it is instructive to recall the

central results that characterize the dense regime. Classical extremal combinatorics

provides a theoretical foundation for studying the extremal number when the host

graph is the complete graph. For instance, Turán’s Theorem [2] bounds the number

of edges of a graph on n vertices that is Kk-free. The bound is attained by the

Turán graph, thereby determining the extremal number ex(n,Kk). More generally,

the celebrated Erdős–Stone–Simonovits Theorem [3, 6], determines asymptotically

the extremal number ex(n, F ) when the chromatic number χ(F ) > 2:

ex(n, F ) =
χ(F )− 2

χ(F )− 1

(
n

2

)
+ o(n2).

When F is bipartite, the Erdős–Stone–Simonovits theorem only implies that

ex(n, F ) = o(n2), and determining the correct growth rate remains one of the central

challenges of extremal graph theory. Substantial progress has been made for certain

families of bipartite graphs. In particular, determining the asymptotic behavior of

ex(n,Ks,t) is known as the Zarankiewicz problem. The classical Kővári–Sós–Turán

theorem [5] provides the upper bound

ex(n,Ks,t) = O(n2−1/s),
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valid for all integers 2 ≤ s ≤ t. Matching lower bounds of order Ω(n2−1/s) are known

for many parameter ranges, based on algebraic constructions due to Kollár, Rónyai,

and Szabó [12] and extended by Alon, Rónyai, and Szabó [13]. A constant-factor

gap still remains in several cases, and determining the precise order of magnitude of

ex(n,Ks,t) continues to be a major open problem.

Progress on the Zarankiewicz problem also yields tighter upper bounds on the

extremal number of general bipartite graphs. In particular, a classical reduction due

to Erdős and Simonovits [6] and refined by Füredi and Simonovits [19] shows that

for every bipartite graph F with maximum degree ∆, there exists a constant CF such

that

ex(n, F ) ≤ CF ex(n,Ks,t),

for some integer t depending only on F and some integer s ≤ ∆. However, this

bound can be too weak to capture the precise growth rate of some bipartite graphs.

For example, the classical theorem of Bondy and Simonovits [7] shows that, for each

fixed k ≥ 2,

ex(n,C2k) = O(n1+1/k),

a substantial improvement over what the reduction theorem implies. Moreover, this

bound has been shown to be tight up to constant factors for several values of k. In

particular, explicit constructions based on finite geometry [11] and algebraic meth-

ods [9] yield matching lower bounds for C4, C6, and C10. For a modern exposition on

the extremal number of even cycles, see [21].

The results discussed so far concern the case in which the host graph is com-
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plete. However, for bipartite forbidden graphs F , the choice between the complete

graph Kn and the complete bipartite graph Kn,n as the host does not affect the

asymptotic behavior of the extremal number. Indeed, by a classical lemma of Erdős,

every n-vertex graph contains a bipartite subgraph with at least half of its edges [19,

Section 2.1]. Consequently, any F -free graph on n vertices has an F -free bipartite

subgraph with a comparable number of edges, and conversely, an extremal F -free

subgraph of Kn,n can be embedded into K2n. Hence, ex(Kn,n, F ) and ex(n, F ) have

the same asymptotic growth rate. This equivalence indicates that, in the dense set-

ting, the complete and complete bipartite hosts are essentially interchangeable for

extremal problems involving bipartite forbidden subgraphs.

In contrast, when the host graph is sparse or possesses additional geometric or

algebraic structure, the situation changes dramatically. Sparse hosts can exhibit rigid

local constraints and highly symmetric global organization, so the classical reduction

arguments no longer apply. The extremal number ex(G,F ) now depends sensitively

on the structure of G itself, not just on the forbidden subgraph F . The underlying

geometry of the host begins to influence the threshold at which a given configuration

must appear. One of the earliest and most influential results in this direction is due to

Chung [10], who obtained upper bounds for ex(Qn, C2k), the largest number of edges

in a C2k-free subgraph of the n-dimensional hypercube Qn. In particular, Chung

showed, for k = 2, 3,

lim
n→∞

ex(Qn, C2k)

e(Qn)
> 0

where e(G) is the number of edges of the graph G. Whereas the Erdős–Stone–
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Simonovits theorem implies that even cycle free graphs can have at most a vanishing

proportion of the edges in the dense host setting, Chung’s result shows that some C4-

free (and C6-free) subgraphs of Qn can have an asymptotically nonzero proportion of

the edges of the host graph. This contrast highlights how the geometry and regularity

of the host graph can fundamentally alter extremal thresholds.

In this thesis we initiate a systematic study of forbidden subgraph problems

in Hamming graphs H(n, q), focusing on the dense regime where the dimension n is

fixed and the alphabet size q tends to infinity. Our first main result is a Turán-type

theorem for cliques in Hamming graphs. We show that the geometry of H(n, q) forces

every copy of Kr to lie entirely within a single one-dimensional fiber. This rigidity

allows us to apply classical Zykov symmetrization within each fiber and prove that

the extremal Kr-free subgraphs of H(n, q) are obtained by placing a Turán graph

T (q, r − 1) on every fiber. Consequently,

ex(H(n, q), Kr) = nq n−1 ex(Kq, Kr),

so the extremal density in H(n, q) agrees with the classical Turán density 1− 1
r−1

.

We extend this result to a broad family of forbidden graphs. Our second main

theorem is an Erdős–Stone-type result for Hamming graphs: if F is a fixed graph with

chromatic number r ≥ 3 and F is dimensionally constrained (i.e. every embedding of

F into H(n, q) uses only one coordinate), then

ex(H(n, q), F ) =

(
1− 1

r − 1
+ oq(1)

)
|E(H(n, q))|.

In particular, the classical Erdős–Stone density reemerges in the Hamming graph

setting precisely when the forbidden configuration is forced to appear within a fiber.
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To support these results, we identify and study a class of graphs that are

dimensionally constrained in Hamming graphs. We show that cliques, almost-cliques,

and sufficiently large Turán graphs each possess this property, and we provide a

framework for reducing global forbidden subgraph problems on H(n, q) to fiber-wise

extremal problems on Kq. This reduction mechanism forms the core of our method

and suggests new directions for approaching more intricate extremal problems in

structured product graphs.
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CHAPTER 2

Preliminaries

This chapter introduces the notation and definitions used throughout the the-

sis. We begin with basic terminology from graph theory. Then, we cover asymptotic

notation and reformulate some graph properties in the language of graph homomor-

phisms. Lastly, we define Hamming graphs and prove some important properties of

Hamming graphs.

Let N denote the set of natural numbers excluding 0. For a natural number

n, we define [n] := {1, 2, . . . , n}. For a real number x we denote by ⌊x⌋ the greatest

integer less than x, and we denote ⌈x⌉ to be the least integer greater than x. For a

set S, the power set 2S will denote the set of all subsets of S, and
(
S
k

)
will denote

the set of all subsets of S with cardinality k. A set containing k elements will be

referred to as a k-set, and a subset with k elements will be called a k-subset. A set

containing only one element is called a singleton set. A set {A1, . . . , Am} ⊂ 2A is

called a partition of A if all of the sets in {A1, . . . , Am} are pairwise disjoint and

m⋃
i=1

Ai = A

2.1 Asymptotic Notation

Many extremal questions in this thesis involve families of host graphs whose

size grows with parameters such as dimension or alphabet size. Asymptotic notation

provides a concise language for describing the behavior of extremal quantities in

these limits. We will use standard asymptotic notation throughout. All functions are

assumed to be nonnegative for sufficiently large arguments.
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Suppose we are comparing functions f, g : N → R. We will use the following

Bachman-Landau asymptotic notation:

• We write f(n) = O(g(n)) if there exist constants C > 0 and n0 such that

f(n) ≤ Cg(n) for all n ≥ n0.

• We write f(n) = Ω(g(n)) if there exist constants c > 0 and n0 such that

f(n) ≥ cg(n) for all n ≥ n0.

• We write f(n) = Θ(g(n)) if both f(n) = O(g(n)) and f(n) = Ω(g(n)).

• We write f(n) = o(g(n)) if

lim
n→∞

f(n)

g(n)
= 0.

In the case of multivariate asymptotics, we will only vary one parameter at

a time. We will adapt the notation above to specify which parameter is varying.

Formally, if f, g : N× N → R, we write f(n, q) = On(g(n, q)) if there exist constants

C > 0 and n0 such that

f(n, q) ≤ Cg(n, q) for all n ≥ n0

where q is fixed. Similar adaptations hold for Big Omega, Big Theta, and little-o

notation.

Remark 2.1 (Asymptotically negligible terms). We use o(1) to denote any quantity

tending to 0 in the relevant limit. For example, od(1) denotes a term tending to 0 as

d → ∞ with all other parameters fixed.
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2.2 Graph Theory Background

This section establishes the notation and terminology from graph theory that

will be used throughout the thesis. The presentation here is intended to be concise

and self-contained; readers seeking additional background may consult the standard

reference by Bondy and Murty [17] or by Diestel [20].

A graph is an ordered tuple (V,E) where V is a set of vertices, and E is a

multiset of edges, 2-subsets of V . We will write uv to denote an edge {u, v} ∈ E.

Occasionally, we may allow E to contain singleton sets, called loops. A graph is said

to be simple, if it does not contain any loops and if all edges have multiplicity one.

For a graph G, we write V (G) for its vertex set and E(G) for its edge set. When the

graph G is certain from the context, we will simply write V and E. The number of

vertices in a graph G is called the order, written as |V (G)|. We also define the size

|E(G)| to be the number of edges in the graph. The graph G is said to be finite, if

the order is finite. Unless otherwise noted, all graphs are assumed to be finite and

simple.

2.2.1 Neighborhood and Degree

An edge e is said to be incident to a vertex v if v ∈ e. Two vertices are

adjacent (or neighbors) if there exists an edge incident to both vertices. In this case,

we call the vertices the endpoints of the edge. If a subset U ⊂ V of k vertices are

all pairwise adjacent, we call U a k-clique. On the other hand, if two vertices are

not adjacent, we say that the vertices are independent. Moreover, a subset U ⊂ V

is called an independent set if all of the vertices are pairwise independent. The
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number of vertices in the largest clique in a graph G is denoted by ω(G). The number

of vertices in the largest independent set in a graph G is denoted by α(G).

The complete graph on n vertices Kn is the graph where all vertices are

adjacent. The empty graph on n vertices Kn is the graph where no pair of vertices

is adjacent. The graphs K5 and K5 are depicted in Figure 2.1. More generally, G

denote the complement of the graph G. The complement has the same vertex set

as V , but e ∈ E(G) if and only if e /∈ E(G).

K5 K5

Figure 2.1: The complete graph K5 and the empty graph K5.

For a fixed vertex v ∈ V (G), the neighborhood of v is defined to be the set

NG(v) := {u ∈ V (G) : uv ∈ E(G)}

More generally, if U is any subset of V , the neighborhood N(U) is the set of all

vertices in V \ U who are adjacent to at least one vertex in U . The degree of a

vertex v is denoted degG(v) := |NG(v)|. When the graph G is clear from context, we

may omit the subscript and simply write N(v) and deg(v). Furthermore, we denote

the minimum and maximum degree of a graph G by δ(G) and ∆(G), respectively.

The quantity

deg(G) =
1

|G|
∑
u∈V

deg(u)

10



is called the average degree of the graph. We observe that the degree of a vertex

also counts the number of edges incident to a vertex. Since all edges are incident to

exactly two vertices, we count every edge twice when we sum up all of the degrees.

Consequently, we establish the following lemma:

Lemma 2.2 (Handshaking Lemma). Let G be a graph. Then,

2|E| =
∑
v∈V

deg(v)

It is immediate from the definition of the average degree that

deg(G) =
2|E|

|V (G)|

A graph is said to be regular of degree k if every vertex has degree k. If G is

k-regular, then the Handshaking Lemma can be used to established that

|E| = 1

2
k|V (G)|

In particular, the complete graph Kn is n− 1 regular; consequently,

|E(Kn)| =
n(n− 1)

2
=

(
n

2

)
2.2.2 Subgraphs and Induced Subgraphs

Let G = (V,E). If H = (V ′, E ′) is a graph such that V ′ ⊂ V and E ′ ⊂ E, we

say that H is a subgraph of G, denoted by H ⊂ G. Subgraphs arise naturally when

we delete edges or restrict our attention to a local structure within a larger graph. If

U ⊆ V (G) is any subset of vertices, the induced subgraph G[U ] is the graph that

retains all adjacencies of G among vertices of U and no others. Formally speaking,

G[U ] = (U,E ′) where

E ′ = {uv ∈ E(G) : u, v ∈ U}
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A subgraph H = (V ′, E ′) of G is said to be induced if H = G[V ′]. Figure 2.2 shows

two subgraphs where one graph is induced and the other is not induced.

a

b c

d e

(a) Graph

a

b c

(b) Subgraph

a

b c

(c) Induced Subgraph

Figure 2.2: Subgraphs vs. Induced Subgraphs

For a fixed graph G = (V,E), let U ⊂ V . We define G − U := G[V \ U ].

In other words, G − U is the graph obtained by deleting the vertices in U from G

and removing all edges incident to the vertices in U . If U = {v} is singleton, the

notation will be abbreviated as G− v. If F ⊂
(
V
2

)
, we write G−F := (V,E \F ) and

G+F := (V,E ∪F ). Similar to the case above, G−{e} and G+ {e} are abbreviated

to G− e and G+ e, respectively.

2.2.3 Walks, Paths, and Cycles

A walk serves as the most general form of traversal in a graph, and stricter

forms such as paths, and cycles emerge by prohibiting certain repetitions. Let G be

a graph. A walk in G is a sequence of vertices v0, v1, . . . , vk such that vi−1vi ∈ E(G)

for each i = 1, . . . , k. The integer k is the length of the walk. Walks may repeat

vertices. A walk that contains no repeated vertices is called a path. A walk is closed

if its initial and terminal vertices coincide, that is, if v0 = vk. A closed path is called

a cycle. The girth of a graph G, denoted girth(G), is the length of a shortest cycle

12



in G. If G contains no cycles, we adopt the convention that girth(G) = ∞.

The path graph Pk is the graph with vertex set V = {v1, . . . , vk} and edge

set E = {v1v2, . . . , vk−1vk}. The cycle graph Ck is the graph with vertex set V =

{v1, . . . , vk} and edge set E = {v1v2, . . . , vk−1vk, vkv1}. Examples of these graphs are

depicted in Figure 2.3.

P5

C6

Figure 2.3: The graphs P4 and C6.

2.2.4 Chromatic Number

Many extremal properties of graphs depend on how their vertices can be par-

titioned into independent sets. A partition of the vertex set into k independent sets

is called a proper k-coloring. If there exists a proper k-coloring of a graph G, we

say that G is k-colorable. In this language, proper k-colorings correspond to assign-

ments of colors to vertices in which each independent set forms a color class. Hence,

a proper k-coloring is equivalent to a function χ : [k] → V (G), such that each image

χ(i) is an independent set. The chromatic number of a graph G, denoted χ(G), is

the smallest integer k such that G is k-colorable. The chromatic number of several

families of graphs can be computed directly:

• χ
(
Kn

)
= 1: the empty graph has no edges, so it is a single independent set.

13



• χ(Kn) = n: every vertex of the complete graph Kn is adjacent to every other,

so no two vertices may share a color

• χ(Pk) = 2: color vertices by alternating between two colors, so this means that

Pk is two colorable. However, any graph with at least one edge must have at

least two colors. Therefore, χ(Km,n) ≥ 2

The chromatic number of the cycle graph Ck depends on the parity of k: even cycles

satisfy χ(C2k) = 2, while odd cycles satisfy χ(C2k+1) = 3. The behavior of cycle

graphs reflects a fundamental structural characterization of bipartite graphs:

Lemma 2.3. A graph G is bipartite if and only if it contains no odd cycle.

Proof. If G is bipartite with parts A and B, then every cycle alternates between these

parts, so every cycle has even length. Hence a bipartite graph contains no odd cycle.

Conversely, assume that G contains no odd cycle. Choose any uncolored vertex

x and assign it one of two colors. Then, for every uncolored vertex, assign its color

according to the parity of the length of a shortest path to x: vertices at even distance

receive the same color as x, and vertices at odd distance receive the other color. If a

vertex is encountered that is not reachable from any vertex already colored, select it

as a new starting point and repeat the same procedure. Since G is finite, this process

eventually colors every vertex. Two adjacent vertices cannot receive the same color:

if they did, their distances from the chosen starting point would have the same parity,

which would create an odd cycle. Thus the coloring is proper, and G is bipartite.

14



x

Figure 2.4: Odd cycle from vertices with different distance parities.

2.3 Special Graph Classes

2.3.1 Turán Graphs

Let r ≥ 2 be an integer. A graph G = (V,E) is called r-partite if V admits a

partition into r subsets such that every edge has endpoints in different classes. When

r = 2 we say bipartite instead of 2-partite. The star graph Sr := K1,r is a special

type of bipartite graph that plays a large role in extremal combinatorics.

Bipartite graph 3-partite graph

Figure 2.5: Example of a bipartite graph and a 3-partite graph.

The complete r-partite graph, denotedKn1,...,nr , is an r-partite graph with with

parts of size n1, . . . , nr and the maximum number of edges. A partition V = V1⊔· · ·Vm

is called equitable if
∣∣|Vi| − Vj|

∣∣ ≤ 1 for all i, j ∈ [m]. The Turán graph T (n, r)

is a complete r-partite graph with an equitable partition. Figure 2.6 illustrates the

Turán graph T (10, 4).
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Figure 2.6: The Turán graph T (10, 4).

Lemma 2.4. Let n, r ∈ N such that r ≤ n. Then,

∣∣E(T (n, r))∣∣ ≥ (1− 1

r

)n2

2
− r

8

Proof. Each part of a Turán graph T (n, r) has size ⌊n/r⌋ or ⌊n/r⌋+ 1. To count the

edges, we write n = qr+ s for some integers q and s such that 0 ≤ s < r. The Turán

graph T (n, r) has s subsets of cardinality q+1. We can iteratively remove one vertex

from each part of size q + 1 until we have the Turán graph T (qr, r). The kth vertex

removed takes away n− q − k edges. This removal process is depicted in Figure 2.7.

By the end of this process,

s∑
k=1

(n− q − k) = s(n− q)−
(
s+ 1

2

)

edges have been removed. The remaining graph T (qr, r) will be a regular graph with

each vertex having degree n− q − s. By the Handshaking Lemma,

∣∣∣E(T (n, r))∣∣∣ = 1

2
qr(n− q − s) + s(n− q)−

(
s+ 1

2

)

After some algebra,

∣∣∣E(T (n, r))∣∣∣ = n2 − q2r − 2sq − s

2
=

(r − 1)n2 − s(r − s)

2r
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The quantity −s(r−s) is maximized when s = r/2. Substituting this value for s into

the expression above completes the proof.

Figure 2.7: Vertex removal process on T (8, 3).

2.3.2 Product Graphs

Let G1 = (V1, E1) and G2 = (V2, E2) be two graphs. The product graph

G1□G2, is the graph with vertex set V1×V2 and edge set E(G1□G2) = E ′
1∪E ′

2 where

E ′
1 = {(u, x)(v, x) : uv ∈ E1 and x ∈ V2}

E ′
2 = {(u, x)(u, y) : xy ∈ E2 and u ∈ V1}

Figure 2.8: The product graph K3□P4.

For a fixed graph G, the n-fold product graph Gn is defined recursively:

Gn = Gn−1□G, G1 = G

We define the hypercube graph Qn := Kn
2 . More generally, we define the Ham-

ming graph H(n, q) := Kn
q . If we label the vertices of Kq by [q], the Hamming graph

H(n, q) is the graph with vertex set Zn
q where two vectors are connected if and only

if they differ in one coordinate.
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Figure 2.9: The hypercube Q3 and the Hamming graph H(2, 3)

Lemma 2.5. Let G1 = (V1, E1) and G2 = (V2, E2) be two graphs. Then,

∣∣E(G1□G2)
∣∣ = |V1|

∣∣E(G2)
∣∣+ |V2|

∣∣E(G1)
∣∣

Proof. By definition of the product, ∀uv ∈ E1 and ∀x ∈ V2, (u, x)(v, x) will be an

edge in G1□G2. This counts |V2|
∣∣E(G1)

∣∣ edges. Similarly, ∀xy ∈ E2 and ∀u ∈ V1,

(u, x)(u, y) will be an edge in G1□G2. This counts |V1|
∣∣E(G2)

∣∣ edges. This counts

every edge in G1□G2.

Corollary 2.6. Let G = (V,E) be a graph. Then,

∣∣E(Gn)
∣∣ = n|V |n−1|E(G)|

From Corollary 2.6, we can determine the number of edges in the Hamming graph

|E(H(n, q))| = nqn−1

(
q

2

)
2.4 Graph Homomorphisms

Graph homomorphisms provide a natural framework for several fundamental

structures in graph theory. We begin with the definition and then record several

important special cases.

Definition 2.7 (Graph Homomorphism). Let H and G be graphs. A graph homomor-

phism from H to G is a function φ : V (H) → V (G) such that whenever uv ∈ E(H),
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the image satisfies φ(u)φ(v) ∈ E(G).

Thus a graph homomorphism preserves all adjacencies present in H. How-

ever, a graph homomorphism imposes no restrictions on non-adjacent vertices: non-

adjacent vertices may map to adjacent vertices in G, and distinct vertices may map to

the same vertex. A graph homomorphism may additionally satisfy three independent

properties: injectivity, surjectivity, and non-edge preservation.

2.4.1 Injective Graph Homomorphisms

Among homomorphisms, injective graph homomorphisms arise naturally in

many contexts. A homomorphism φ : H → G is said to be injective if it is injec-

tive as a map on vertices. We will write H ↪→ G to indicate an injective graph

homomorphism. We record three important examples.

(1) Inclusion maps. If H is a subgraph of G, then the inclusion ι : V (H) ↪→ V (G)

is an injective graph homomorphism: edges of H remain edges of G, and distinct

vertices remain distinct. When H is not an induced subgraph, the inclusion map

does not necessarily preserve non-adjacencies.

H

↪→

G

Figure 2.10: Inclusion map example.
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(2) Induced Homomorphism. An injective graph homomorphism φ : H ↪→ G

is called an induced homomorphism if it also preserves non-adjacencies; that is,

uv /∈ E(H) implies φ(u)φ(v) /∈ E(G). Equivalently, φ(H) is an induced subgraph of

G.

1 2

34

5

H

↪→

1 2

34

5

6

7

G

Figure 2.11: Induced homomorphism example. Map is specified by labeling.

(3) Graph isomorphisms. An induced homomorphism φ : H ↪→ G is called an

isomorphism if it is also surjective. Isomorphisms are bijective graph homomor-

phisms preserving both adjacencies and non-adjacencies, and we write H ∼= G to

indicate that there exists an isomorphism between H and G. If a graph G contains a

subgraph isomorphic to H, we say that G contains a copy of H. Furthermore, a graph

isomorphism G → G will be called an automorphism. The set of all automorphisms

is denoted Aut(G).

Injective graph homomorphisms provide a natural way to express subgraph

containment. If H and G are graphs, then H appears as a (not necessarily induced)

subgraph of G precisely when there exists an injective graph homomorphism H ↪→ G.

Injectivity ensures that distinct vertices of H remain distinct in the image, while the

graph homomorphism condition ensures that all adjacencies of H are preserved.
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1

2

3

4

5

6

H

∼=

1

3

5

2

4

6

G

Figure 2.12: Graph isomorphism example. Map is specified by labeling.

If, in addition, the image of H in G contains no extra edges beyond those

of H, then the map realizes H as an induced subgraph. Thus induced copies of H

correspond exactly to induced homomorphisms that preserve both adjacencies and

non-adjacencies. This distinction between general injective graph homomorphisms

and induced homomorphisms will later be reflected in the corresponding notions of

homomorphism density and induced homomorphism density.

Injective homomorphisms capture the presence of subgraphs, and induced in-

jective homomorphisms capture the presence of induced subgraphs. This observation

suggests that many other graph properties can likewise be characterized by the exis-

tence of appropriate graph homomorphisms. We now turn to several examples.

2.4.2 Graph Homomorphisms Detect Graph Properties

Many classical graph parameters and structural properties can be expressed

naturally in terms of graph homomorphisms. The direction of the homomorphism

encodes different types of information: maps of the form G → H typically impose

global constraints on G, while maps of the form H → G reveal the presence of specific
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local patterns in G.

Chromatic number. A proper coloring of a graph G with r colors is exactly a

homomorphism G −→ Kr. Each color class is mapped to a distinct vertex of Kr, and

the adjacency structure of Kr ensures that adjacent vertices receive different colors.

Consequently,

χ(G) = min{r : G → Kr exists}.

Bipartite graphs. A graph G is bipartite if and only if it admits a homomorphism

G −→ K2. The two parts of the bipartition are simply the preimages of the two

vertices of K2.

Girth. The girth of G is the length of its shortest cycle. Homomorphisms from cycle

graphs provide a direct way to detect this quantity:

girth(G) = min{k : Ck → G exists}

A homomorphism Ck → G corresponds to a closed walk of length k in G; taking the

smallest such k recovers the girth.

Cliques. The clique number ω(G) is the size of the largest complete subgraph of G,

and can be expressed through homomorphisms:

ω(G) = max{r : Kr → G exists}

Observe that any homomorphism Kr → G that is not injective will force G to have a

loop. Since we only consider simple graphs in this thesis, all homomorphism Kr → G

must be injective.
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Vertices of high degree. A vertex of degree at least d exists in G if and only if

there is an injective homomorphism

Sd ↪→ G.

Walks and cycles. A walk v0, v1, . . . , vk in G is precisely a homomorphism Pk+1 →

G, and a closed walk is a homomorphism Ck → G. Thus the existence of long paths

or cycles in G can be detected by the presence of homomorphisms from these small

templates.

The examples above illustrate a general pattern: graph homomorphisms of

the form G → H, where H is a fixed small graph, typically encode global constraints

on the structure of G. A graph homomorphism into Kr organizes the entire graph

according to a coloring rule, and a graph homomorphism into K2 reveals that a graph

is bipartite. In each case, the small graph H serves as a structural template whose

adjacency relations impose a global organizational pattern on G.

In contrast, homomorphisms of the form H → G, where H is small, probe

the local structure of G. Injective homomorphisms of stars identify vertices of large

degree, and embeddings of paths or cycles detect the presence of specific local configu-

rations such as branching or circular structure. Here the small graph H functions as a

pattern whose appearance inside G reveals information about the local neighborhoods

and substructures of G.

2.4.3 Homomorphism Counts

The existence of specific types of graph homomorphisms can reveal many in-

teresting properties of a graph. It turns out that enumerating all the possible graph
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homomorphism between two graphs can be a powerful tool in extracting more in-

formation out of a graph. In later chapters, we will prove some classical theorems

in extremal graph theory via double counting certain graph homomorphisms. The

homomorphism count hom(H,G) denotes the number of homomorphisms of the

form H → G.

The following examples illustrate how homomorphism counts measure increas-

ingly refined structural information about a graph G.

• The homomorphism count hom(K2, G) counts how many ways an edge can be

mapped into G. Since each edge can be mapped to any edge in G in one of two

orientations, we have

hom(K2, G) = 2|E(G)|

• For a star Sr, the center of Sr can be mapped to each vertex u in G and its r

leaves can each be mapped to one of deg(u) choices. Hence,

hom(Sr, G) =
∑

u∈V (G)

deg(u)r

Star counts record degree moments of the distribution of degrees in G. Not

every map is injective since leaves of Sr can map onto the same neighbor of u.

• For a cycle Ck, the homomorphism count hom(Ck, G) counts the number of

closed walks of length k in G. Unlike stars, non-injective homomorphisms from

Ck abound: a cycle may collapse to a shorter cycle or even a single edge.

Since K2
∼= S1, the examples above show that

∑
u∈V (G)

deg(u) = hom(S1, G) = hom(K2, G) = 2|E(G)|
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Thus, double counting hom(K2, G) provides an alternate proof of the Handshaking

Lemma. Moreover, hom(Ck, G) counting closed walks means we can apply methods

from spectral graph theory to the theory of homomorphism counts. These examples

reveal the versatile nature of counting homomorphisms in graphs.
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CHAPTER 3

Classical Extremal Graph Theory

3.1 Forbidden Subgraphs and Extremal Numbers

A fundamental question in extremal graph theory is to determine how dense

a graph can be while avoiding a fixed subgraph. Let F be a fixed finite graph. A

graph G on n vertices is said to be F -free if it contains no copy of F as a subgraph.

The classical forbidden subgraph problem asks for the maximum number of edges in

an F -free graph of order n. For a fixed graph F and integer n ≥ 1, the maximum

number of edges in an F -free graph is called the extremal number ex(n, F ). More

formally,

ex(n, F ) := max{ |E(G)| : v(G) = n, G is F -free }.

If n < v(F ), every n-vertex graph is automatically F -free, so

ex(n, F ) =

(
n

2

)

Thus, forbidden subgraph problems are most interesting when we consider large n.

In practice, it is very difficult to calculate the extremal number exactly. Instead, we

consider the asymptotic behavior of the extremal number after normalization. The

Turán density of a graph F is the limit

π(F ) := lim
n→∞

ex(n, F )

|E(Kn)|

The value π(F ) describes the maximum asymptotic edge density of F -free graphs and

is central to classical extremal graph theory. The following lemma ensures that the

above limit is always defined.
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Lemma 3.1. The sequence ex(n,F )
|E(Kn)| is monotonically decreasing.

Proof. Let F be a fixed graph and suppose G is a maximal F -free graph on n + 1

vertices, i.e. |E(G)| = ex(n+ 1, F ). Since the average degree of G is

deg(G) =
2|E(G)|
n+ 1

,

there exists a vertex v with deg(v) ≤ deg(G). The graph G− v is an F -free graph on

n vertices such that

∣∣E(G− v)
∣∣ = |E(G)| − deg(v)

≥ ex(n+ 1, F )− 2 ex(n+ 1, F )

n+ 1

= ex(n+ 1, F ) · n− 1

n+ 1

By definition of the extremal number ex(n, F ),

ex(n, F ) ≥
∣∣E(G− v)

∣∣ ≥ ex(n+ 1, F ) · n− 1

n+ 1

Dividing both sides by
(
n+1
2

)
yields

ex(n+ 1, F )(
n+1
2

) ≤ ex(n, F )(
n
2

)
Thus, ex(n,F )

|E(Kn)| is monotonically decreasing.

Since 0 ≤ ex(n,F )
|E(Kn)| ≤ 1, the sequence

{
ex(n,F )
|E(Kn)|

}
is bounded and monotonically

decreasing. By the monotone convergence theorem, the limit π(F ) exists for any F .

3.2 Mantel’s Theorem and Early Extremal Theory

One of the earliest results in extremal graph theory is due to Mantel (1907),

who resolved the special case of the forbidden subgraph problem when F = K3. At
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the time, graph theory was still largely combinatorial and not yet developed as a

systematic field. Mantel studied a natural question: how many edges can a triangle-

free graph on n vertices contain? His answer, now known as Mantel’s theorem [1], is

the first nontrivial determination of an extremal number.

Theorem 3.2 (Mantel, 1907). If a graph on n vertices contains no triangle, then it

has at most ⌊
n2

4

⌋
edges, with equality achieved uniquely by the complete bipartite graph K⌊n/2⌋,⌈n/2⌉.

In the notation of extremal numbers, Mantel’s Theorem can be restated as

ex(n,K3) =

⌊
n2

4

⌋

Mantel’s argument, although elementary, introduced ideas that would become fun-

damental to the field: partitioning the vertex set to control the number of edges,

and recognizing that extremal examples often exhibit a highly regular, symmetric

structure.

The result gained additional importance when Turán later generalized Mantel’s

argument to forbid larger cliques. In 1941, Turán proved that among all Kr+1-free

graphs on n vertices, the unique maximizer of the number of edges is the complete

r-partite graph with parts as equal as possible. Mantel’s theorem is precisely the

case r = 2 of Turán’s more general result. There are many known proofs of Mantel’s

theorem; we will give a short proof of the extremal bound using a homomorphism-

counting argument and defer the uniqueness part to our proof of Turán’s theorem.

Proof. First we will set up an identity by counting hom(S2, G) two different ways.
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Recall from the section discussing graph homomorphisms, that

hom(S2, G) =
∑

v∈V (G)

deg(v)2

Next, we will make use of a fact from analysis, Jensen’s inequality. See [8] for a proof

of the general statement. Jensen’s inequality states that the average of the values of

a convex function is at most the function applied to the average of the values. Since

f(x) = x2 is convex, we have the inequality

1

|V (G)|
∑

v∈V (G)

deg(v)2 ≥ deg(G)
2
=

4|E(G)|2

|V (G)|2

On the other hand, we can count hom(S2, G) by first picking an edge uv ∈ E and

then picking one of the neighbors of either u or v to complete the star S2. Hence,

hom(S2, G) =
∑

uv∈E(G)

deg(u) + deg(v)

If G is triangle free, then N(u)∩N(v) = ∅ otherwise the mutual neighbor along with

u and v would create a triangle. Since the neighborhoods of every pair of adjacent

vertices are disjoint,

deg(u) + deg(v) = |N(u)|+ |N(v)| ≤ |V (G)|

Therefore,

∑
uv∈E(G)

deg(u) + deg(v) ≤
∑

uv∈E(G)

|V (G)| = |E(G)| · |V (G)|

Combining both inequalities

4|E(G)|2

|V (G)|
≤ hom(S2, G) ≤ |E(G)| · |V (G)|

Solving for |E(G)| yields the result.
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3.3 Turán’s Theorem and Symmetrization Methods

Pál Turán (1910–1976) was a central figure in the development of modern ex-

tremal combinatorics. Much of the subject was shaped by his vision of understanding

how global properties of a graph are constrained by forbidden local patterns. Turán

worked extensively on number theory, analysis, and combinatorics, and his influence

on extremal graph theory is so profound that the area is often informally traced back

to the publication of his 1941 paper on Kr+1-free graphs. His work introduced both

the fundamental problem and the structural point of view that still guide the field

today.

Turán’s theorem is the natural generalization of Mantel’s theorem from for-

bidding triangles to forbidding larger cliques. It asserts that among all graphs on n

vertices with no copy of Kr+1, the unique maximizer of the number of edges is the

complete r-partite graph with parts as equal as possible, the eponymous Turán graph

T (n, r). This result not only determines the extremal number ex(n,Kr+1) exactly, but

also identifies the extremal graph, revealing that symmetry and balance characterize

optimal constructions.

There are several proofs of Turán’s theorem, each illustrating a different philo-

sophical approach in extremal graph theory. One classical proof uses induction on n,

repeatedly removing a vertex of minimum degree and comparing the resulting sub-

graph to an extremal graph on n−1 vertices. Another proof, due to Zykov [4], uses a

powerful transformation now known as Zykov symmetrization. This method alters

the graph in a way that preserves the property of being Kr+1-free while increasing
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(or at least not decreasing) the number of edges, gradually forcing the graph into

an increasingly symmetric form. Ultimately, repeated symmetrization shows that

any extremal graph must be a complete multipartite graph, and a final averaging

argument identifies the Turán graph as the unique extremal example.

3.3.1 Zykov Symmetrization

Zykov symmetrization is defined as follows. Let G be a graph and let u and v

be two nonadjacent vertices. The symmetrization at the pair (u, v) constructs a

new vertex v′ and replaces its neighborhood by that of u. Equivalently, one deletes all

edges incident to v and adds edges so thatN(v) becomes exactlyN(u). This operation

makes the vertices u and v “twins” (i.e., sharing the same neighborhood) and never

creates a new copy of Kr+1. Moreover, when applied carefully, symmetrization never

decreases the number of edges. The effect of this transformation is illustrated in

Figure 3.1.

u

v

Original graph

u

v

After symmetrization

Figure 3.1: Zykov symmetrization of a pair of nonadjacent vertices u and v.

Repeatedly applying this operation to all nonadjacent pairs progressively forces

the graph to become more symmetric. In the limit, one obtains a complete multi-

partite graph whose parts consist of sets of twin vertices. The full proof then shows
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that among all such multipartite graphs with no Kr+1, the unique maximizer of the

number of edges is the balanced r-partite Turán graph. In what follows, we present

a proof of Turán’s theorem based on Zykov symmetrization.

Theorem 3.3 (Turán, 1941). Let r ≥ 2 and let G be a Kr+1-free graph on n vertices.

Then

|E(G)| ≤ |E(T (n, r))|

Moreover, T (n, r) is the unique Kr+1-free graph on n vertices achieving this maximum.

Proof. We use Zykov symmetrization. Let G be a Kr+1-free graph on n vertices with

the maximum possible number of edges among all such graphs.

Step 1: Applying symmetrization. Suppose u and v are two nonadjacent vertices

of G. Form a new graph G′ by symmetrizing v toward u: delete all edges incident to

v and then add edges so that

NG′(v) = NG(u).

Then u and v become twins in G′. We claim:

(i) G′ is still Kr+1-free,

(ii) |E(G′)| ≥ |E(G)|,

(iii) If |E(G′)| > |E(G)|, then G was not extremal.

For (i), if a copy of Kr+1 were created in G′, replacing v by u would produce a

Kr+1 in G, a contradiction. For (ii), note that v loses degG(v) edges and gains

degG(u) edges. If degG(v) > degG(u), then symmetrization would strictly increase

the number of edges, contradicting maximality of G. Thus degG(u) ≥ degG(v) and

hence |E(G′)| ≥ |E(G)|.

32



Step 2: Iterating symmetrization. Repeatedly symmetrize all nonadjacent pairs.

Since each step preserves Kr+1-freeness and never decreases the number of edges, the

final graph G∗ is also extremal. By construction, every pair of nonadjacent vertices

in G∗ are twins. Thus the vertex set partitions into classes V1, . . . , Vm such that

• each Vi is an independent set,

• every vertex in Vi is adjacent to every vertex outside Vi,

• all vertices in Vi have identical neighborhoods.

Hence G∗ is a complete multipartite graph.

Step 4: Optimizing the number of edges. Let the part sizes of the complete

multipartite graph G∗ be

n1, n2, . . . , nm, with m ≤ r and
m∑
i=1

ni = n.

Since every edge of a complete multipartite graph runs between two different parts,

we have

|E(G∗)| =
∑

1≤i<j≤m

ninj.

It is often more convenient to rewrite this expression using the identity

∑
1≤i<j≤m

ninj =
1

2

( m∑
i=1

ni

)2

−
m∑
i=1

n2
i

 =
1

2

(
n2 −

m∑
i=1

n2
i

)
.

Thus maximizing the number of edges is equivalent to minimizing the sum of squares

m∑
i=1

n2
i .

The function x2 is strictly convex on the nonnegative reals, and therefore the sum

n2
1 + n2

2 + · · ·+ n2
m
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is minimized, subject to a fixed total
∑

i ni = n, when the variables n1, . . . , nm are as

equal as possible. More explicitly, if two parts differ by at least 2, say ni ≥ nj + 2,

then replacing the pair (ni, nj) by (ni−1, nj+1) strictly decreases the sum of squares:

(ni − 1)2 + (nj + 1)2 = n2
i + n2

j − 2(ni − nj) + 2 < n2
i + n2

j .

Hence any multipartite graph in which the part sizes are not as equal as possible

cannot be extremal. Since G∗ has no Kr+1, we have already shown that m ≤ r. If

m < r, we may split one part into two nonempty parts to obtain a complete (m+1)-

partite graph with strictly more edges, contradicting maximality. Therefore m = r.

Combining these observations:

• the extremal Kr+1-free graph must be r-partite,

• the edge count is maximized by an equitable partitiion

But this is exactly the structure of the Turán graph T (n, r). Thus T (n, r) uniquely

maximizes the number of edges among all complete r-partite graphs on n vertices,

and hence among all Kr+1-free graphs. This completes the proof.

3.4 Erdős–Stone–Simonovits Theory

Turán’s theorem provides a complete solution to the extremal problem for

forbidden cliques. Turán showed that forbidding a clique Kr+1 forces the maximum

edge density to be

π(Kr+1) = 1− 1

r
.

Equivalently, every Kr+1-free graph on n vertices satisfies

|E(G)| ≤
(
1− 1

r
+ o(1)

)(
n

2

)
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and the Turán graph T (n, r) asymptotically achieves this bound. In particular, the

Turán density of a clique depends only on its chromatic number, not on its size.

This observation leads naturally to a broader question: Does the chromatic

number also determine the asymptotic extremal behavior for general forbidden graphs?

A breakthrough result of Erdős and Stone shows that the answer is yes. By realiz-

ing a forbidden graph as an χ(F )-partite graph, we can detect forbidden graphs by

detecting Turán graphs. Therefore,

Theorem 3.4 (Erdős-Stone, 1946). Let F be any fixed graph with chromatic number

χ(F ) = r + 1 ≥ 3. then

π(F ) = 1− 1

r
.

In terms of extremal numbers,

ex(n, F ) =

(
1− 1

r
+ o(1)

)(
n

2

)
.

This result is often called the “fundamental theorem of extremal graph theory”:

it shows that the asymptotic extremal behavior of a non bipartite forbidden graph

is governed solely by its chromatic number. The precise structure of F (e.g.its size,

number of edges, or complexity) is irrelevant asymptotically. In this sense, Turán’s

theorem is not an isolated phenomenon but the first instance of a much more general

principle.

Although I will not prove the Erdős–Stone theorem here, it is useful to note

the two main methodological traditions behind its proof. Erdős and Stone’s original

argument relies on a supersaturation principle: once a graph exceeds the Turán den-

sity for Kr+1 by any fixed margin, it must contain many copies of Kr+1. A simple
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counting argument then forces the appearance of a sufficiently large blow-up of Kr+1

(a large multipartite graph mimicking the structure of Kr+1), and therefore any graph

H with χ(H) = r + 1. More recent proofs often use Szemerédi’s Regularity Lemma

(see [20]). In this approach, a dense graph is approximated by a bounded-complexity

partition, and the reduced graph inherits edge densities that allow a direct Turán-type

argument at the coarse scale. The embedding lemma then lifts this structure back

to the original graph. Both perspectives explain the same phenomenon: forbidding

a non-bipartite graph forces the extremal number to approach the Turán density of

the appropriate complete multipartite graph, either by a quantitative supersaturation

argument or by a structural approximation principle.

When χ(F ) = 2, i.e., F is bipartite, the Erdős–Stone theorem says that π(F ) =

0, meaning that the number of edges must be subquadratic. In otherwords, the

extremal graphs of F -free graphs must be sparse whenever F is bipartite. Indeed

extremal problems for bipartite graphs are substantially more difficult since we do

not have an easy method. This dichotomy between the non-bipartite and bipartite

cases lies at the heart of extremal graph theory.

The Erdős–Stone theorem determines the asymptotic density of F -free graphs

when χ(F ) ≥ 3, but does not address their structure. A far-reaching refinement,

due to Simonovits [6], shows that extremal behavior is also stable. More precisely,

if a graph has nearly as many edges as the Turán bound permits, then it must be

structurally close to the Turán graph.

Theorem 3.5 (Erdős–Simonovits Stability Theorem). Let F be a graph with χ(F ) =

r + 1 ≥ 3. For every ε > 0 there exists δ > 0 such that if a graph G on n vertices
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satisfies

|E(G)| ≥
(
1− 1

r
− δ

)(
n

2

)
and G is F -free,

then G can be transformed into the Turán graph T (n, r) by deleting at most εn2 edges.

In other words, the Turán graph is not only asymptotically extremal but also

structurally rigid: any F -free graph whose edge count is close to optimal must resem-

ble T (n, r) after only a small perturbation. The Erdős–Stone and Erdős–Simonovits

theorems together form the modern conceptual framework of extremal graph theory,

describing both the Turán density and the approximate structure of extremal graphs

whenever χ(F ) ≥ 3.

3.5 Bipartite Extremal Problems

The Erdős–Stone and Erdős–Simonovits theorems show that for every non-

bipartite forbidden graph F , the Turán density π(F ) is determined solely by the

chromatic number of F , and that near-extremal graphs are structurally close to the

appropriate Turán graph. In striking contrast, the bipartite case χ(F ) = 2 is far more

delicate. Even very simple bipartite graphs admit extremal functions that are poorly

understood, and exact results are known only in special cases.

A foundational result in this direction is the Kővári–Sós–Turán theorem [5],

which provides a general upper bound for complete bipartite graphs Ks,t. It shows

that forbidding Ks,t forces a polynomial improvement over the trivial quadratic up-

per bound on the number of edges. Another important result, due to Bondy and

Simonovits, gives upper bounds for the extremal numbers of even cycles C2k and

plays a central role in the study of bipartite extremal problems.
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We begin with the Kővári–Sós–Turán theorem, which we prove using a homo-

morphism counting argument for stars.

Theorem 3.6 (Kővári–Sós–Turán). Let 2 ≤ s ≤ t be integers. Then there exists a

constant C = C(s, t) such that

ex(n,Ks,t) ≤ C n 2−1/s.

Proof. We first record a simple lemma of Erdős.

Claim (Erdős Bipartite Subgraph Lemma). Every graph G has a bipartite

subgraph H with

|E(H)| ≥ 1

2
|E(G)|.

Proof of claim. Randomly partition V (G) into two parts A and B. Each edge has

probability 1/2 of having its endpoints in different parts and hence belonging to the

bipartite subgraph G[A,B]. Thus

E |E(G[A,B])| = 1

2
|E(G)|,

so there exists a partition with |E(G[A,B])| ≥ |E(G)|/2. Taking H = G[A,B] proves

the claim. △

Now let G be a Ks,t-free graph on n vertices with |E(G)| = m. Apply the

claim to obtain a bipartite subgraph H of G with

|E(H)| ≥ 1

2
m.

Since H is a subgraph of G, it is also Ks,t-free. Thus it suffices to bound |E(H)|; the

resulting bound for m will differ by at most a factor of 2, which can be absorbed into
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the constant C. Write the bipartition of H as X ∪ Y with |X| = a, |Y | = b, and let

d(x) denote the degree of x ∈ X. Set m′ = |E(H)|.

Counting hom(Ss, H) in two ways.

(1) Center-first. Each homomorphism Ss → H with center in X corresponds to a

choice of s neighbors in Y :

hom(Ss, H) =
∑
x∈X

deg(x)s ≥ |X| · deg(X)
s
=

(m′)s

as−1

where the last inequality follows from Jensen’s Inequality. (2) Leaf-first. Alterna-

tively, choose an s-subset S ⊆ Y (the leaves) and then a common neighbor in X (the

center):

hom(Ss, H) =
∑
S⊆Y
|S|=s

|N(S)|

Because H is Ks,t-free, any s vertices in Y have at most t− 1 common neighbors in

X, so

|N(S)| ≤ t− 1 for all S ⊆ Y, |S| = s

Hence,

hom(Ss, H) ≤ (t− 1)

(
b

s

)
≤ (t− 1)

bs

s!

Combining both bounds, we obtain

(m′)s

as−1
≤ (t− 1)

bs

s!

Since a+ b = n, we have a s−1bs ≤ Cs n
2s−1 for some constant Cs depending only on

s. Taking s-th roots,

m′ ≤ C ′(s, t)n 2−1/s.
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Finally, m ≤ 2m′ by construction, so

m = |E(G)| ≤ 2C ′(s, t)n 2−1/s.

Renaming 2C ′(s, t) as C(s, t) completes the proof.

The Kővári–Sós–Turán theorem plays a foundational role in bipartite extremal

graph theory. A key reason is that it provides an upper bound not only for forbidding

a specific complete bipartite graph Ks,t, but in fact for any fixed bipartite graph F .

Indeed, if F has bipartition classes of sizes s and t, then F embeds into Ks,t, and

therefore

ex(n, F ) ≤ ex(n,Ks,t) ≤ C(s, t)n2−1/s.

Thus Kővári–Sós–Turán yields the general estimate

ex(n, F ) = O(n 2−1/s)

where s is the size of the smaller color class of F . This shows that forbidding any

bipartite graph forces a polynomial improvement below the trivial quadratic bound.

In contrast with the non-bipartite case of Erdős–Stone–Simonovits, the best univer-

sal result known for bipartite forbidden graphs is not tight. A striking example is

provided by even cycles. If F = C2k, then C2k has bipartition classes of size k, so

KST gives

ex(n,C2k) = O
(
n 2−1/k

)
Bondy and Simonovits proved a significantly stronger bound [7]:

Theorem 3.7 (Bondy–Simonovits). For each k ≥ 2, there exists a constant C(k)

such that

ex(n,C2k) ≤ C(k)n1+1/k
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Comparing the exponents above with the Bondy–Simonovits bound highlights

how crude the Kővári–Sós–Turán estimate is for cycles. For example:

KST for C4 : n 2−1/2 = n3/2,

Bondy–Simonovits: n1+1/2 = n3/2 (sharp),

KST for C6 : n 2−1/3 = n5/3,

Bondy–Simonovits: n1+1/3 = n4/3,

and the gap widens as k increases:

2− 1

k
−
(
1 +

1

k

)
= 1− 2

k
,

so the Kővári–Sós–Turán exponent exceeds the best-known exponent by nearly a full

power of n when k is large.

This comparison illustrates a central theme in bipartite extremal graph the-

ory: although the Kővári–Sós–Turán theorem provides a universal upper bound that

applies to all bipartite graphs, these bounds are often far from optimal, and improv-

ing them typically requires much deeper combinatorial or analytic methods. The

Bondy–Simonovits theorem is a landmark result demonstrating this phenomenon, es-

pecially for even cycles. Nevertheless, for many bipartite graphs—including C2k with

k ≥ 3—the precise order of ex(n, F ) remains unknown, emphasizing the difficulty and

richness of bipartite extremal problems.

3.6 Open Problems and the Rational Exponents Conjecture

Despite the progress provided by Kővári–Sós–Turán and Bondy–Simonovits

theorems, the general problem of determining extremal numbers for bipartite graphs
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remains largely open. Unlike the non-bipartite case, where the Erdős–Stone theorem

gives an essentially complete asymptotic theory, the bipartite setting features a wide

range of behaviors that cannot be captured by a single parameter such as chromatic

number. Several of the central open problems include:

• The Zarankiewicz problem. Determining the exact order of ex(n,Ks,t) when

s, t ≥ 2 remains open for almost all pairs (s, t), even though KST provides a

general upper bound and classical constructions give lower bounds of order

n2−1/s. The case K2,t is particularly well studied but still unresolved for t ≥ 3.

• Even cycles. For k ≥ 3, it is unknown whether the Bondy–Simonovits upper

bound O(n1+1/k) is tight. The correct exponent of ex(n,C2k) is unknown for all

k ≥ 3, with the notable exception of C4, where both upper and lower bounds

are of order n3/2.

• General bipartite graphs. For arbitrary bipartite F , even determining

whether ex(n, F ) = n2−o(1) or ex(n, F ) = n1+o(1) is often unknown. Many nat-

ural families of sparse bipartite graphs, (trees, hypercubes, expanders) exhibit

extremal behavior that remains poorly understood.

A guiding question in this area, originating with Erdős and Simonovits [6],

concerns the possible exponents that arise in extremal numbers of bipartite graphs.

If one writes

ex(n, F ) = Θ
(
nα(F )

)
whenever such an exponent exists, what values can α(F ) attain?

Conjecture (Rational Exponents Conjecture). For every bipartite graph F , if the
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limit

lim
n→∞

log ex(n, F )

log n

exists, then it is a rational number.

This conjecture is consistent with all known results: the Kővári–Sós–Turán

theorem gives rational exponents 2 − 1/s, the Bondy–Simonovits theorem gives 1 +

1/k, and all known constructions provide rational lower-bound exponents. However,

no general method is known for proving rationality, and even the existence of the

exponent α(F ) is unclear for many bipartite graphs. Understanding which exponents

occur—and whether irrational exponents can arise—remains one of the deepest and

most intriguing problems in extremal graph theory.

These questions highlight the dramatic contrast between the non-bipartite and

bipartite cases. Whereas the former is completely governed by chromatic number and

leads to a uniform asymptotic theory, the latter exhibits a rich diversity of behaviors

and resists a unifying principle. This makes bipartite extremal graph theory one of

the most vibrant and challenging areas of modern combinatorics.
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CHAPTER 4

Extremal Graph Theory on Hamming Graphs

Up to this point, we have focused on the classical Turán problem in which the

host graph is the complete graphKn. In many applications, however, one is interested

in extremal problems inside a fixed sparse host graph with additional structure. In

this section we begin by considering the n-dimensional hypercube Qn, which can be

viewed as the Hamming graph H(n, 2), and study forbidden subgraph problems of

the form

ex(Qn, H) := max{ |E(G)| : G ⊆ Qn, G is H-free}

Since Qn has 2n vertices and is n-regular, it has

|V (Qn)| = 2n, |E(Qn)| = n2n−1

edges in total. It is therefore natural to normalize by the edge count of the host and

consider the extremal density

ex(Qn, H)

|E(Qn)|

in direct analogy with the Turán density in the complete-graph setting.

4.1 Even Cycles in the Hypercube

In the classical setting with host Kn, forbidding any fixed even cycle C2k leads

to a subquadratic extremal number: the Bondy–Simonovits theorem shows that

ex(n,C2k) ≤ C(k)n1+1/k,

so the normalized density ex(n,C2k)/
(
n
2

)
tends to 0 as n → ∞. In other words, for

any fixed even cycle, a typical C2k-free graph on n vertices must be asymptotically
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sparse compared to Kn.

Fan Chung initiated the systematic study of analogous questions in the hyper-

cube and obtained a series of striking results on even cycles as forbidden subgraphs

of Qn [10]. She showed, among other things, that:

• There exist C4-free subgraphs of Qn with a positive proportion of the edges of

the cube, and she proved an upper bound of the form

ex(Qn, C4) ≤ c4 |E(Qn)|

for some constant c4 < 1 (later improved to c4 ≈ 0.6068 by Balogh, Narayanan,

and Skokan in [16]).

• She determined the bounds on the extremal density for C6:

0.25 ≤ lim
n→∞

ex(Qn, C6)

|E(Qn)|
≤

√
2− 1

Consequently, the maximum C6-free subgraph of the cube can also contain a

fixed positive fraction of all edges.

• In sharp contrast, for longer even cycles C4k with k ≥ 2 (i.e. C8, C12, . . . ), she

proved that

ex(Qn, C4k) = o
(
|E(Qn)|

)
so the extremal density tends to zero as n → ∞.

Thus, when the host is Qn, the behavior of short even cycles is markedly

different from the classical Kn case. The cycles C4 and C6 behave as exceptional

configurations in the hypercube: unlike in the complete graph, where every fixed

even cycle has asymptotically zero Turán density, there are subgraphs of Qn avoiding

45



C4 or C6 that still capture a constant fraction of all edges of Qn. Chung’s work thus

reveals a sharp qualitative transition in the extremal behavior of even cycles within

the hypercube, and more broadly illustrates how changing the host graph from Kn

to Qn can dramatically alter the nature of forbidden subgraph problems.

4.2 Forbidden Subgraphs in Hamming Graphs

In the classical Turán problem the host graph is the complete graph Kn, and

asymptotics are taken as n → ∞. For the hypercube Qn = H(n, 2) we already saw

that changing the host graph can dramatically alter extremal behavior. In this section

we extend the forbidden subgraph viewpoint to the more general family of Hamming

graphs H(n, q) = Kn
q . Unlike the complete graph and the hypercube, the Hamming

graph comes with two natural parameters, the dimension n and the alphabet size

q. When studying extremal questions of the form

ex(H(n, q), F ) := max{ |E(G)| : G ⊆ H(n, q), G is F -free}

one must therefore decide how these two parameters are allowed to vary. In particular,

we will be interested in the normalized extremal density

ρn,q(F ) :=
ex(H(n, q), F )

|E(H(n, q))|

and in its behavior in different asymptotic regimes. There are two natural ways to

let the host graph grow:

• Fixed dimension, large alphabet. Fix n and let q → ∞.

• Fixed alphabet, large dimension. Fix q (e.g. q = 2 for the hypercube) and

let n → ∞.
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In this thesis, we will only investigate what happens in the first regime fixing n and

letting q → ∞. Our goal is to understand the limiting densities

ρn(F ) := lim
q→∞

ρn,q(F ),

whenever this limit exists, and to compare them with the classical Turán and Erdős–

Stone densities in the complete-graph setting. In this regime we will prove two main

results:

• A Turán-type theorem for Hamming graphs, which identifies the asymptotic

extremal density for forbidding cliques inside H(n, q) as q → ∞.

• An Erdős–Stone-type theorem for Hamming graphs, which shows that for fixed

dimension n and large q, the asymptotic extremal behavior of F -free subgraphs

of H(n, q) is governed by the chromatic number of F , in direct analogy with

the classical Erdős–Stone theorem for Kn.

These results show that, at least in the dense regime q → ∞ with n fixed, the

Hamming graph behaves in a Turán-theoretic sense much like the complete graph,

while still retaining the additional combinatorial structure of its product decomposi-

tion.

4.3 Dimensionally Constrained Subgraphs of Hamming Graphs

In this section we establish several structural lemmas that describe how certain

dense graphs, notably cliques and clique-like graphs, behave inside the Hamming

graph H(n, q). These lemmas will play a central role in proving our Turán-type and

Erdős–Stone-type results for the regime in which the alphabet size q tends to infinity
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while the dimension n is fixed.

Recall that H(n, q) has vertex set [q]n and that two vertices are adjacent if

and only if they differ in exactly one coordinate. For each coordinate i and choice of

(n− 1) other coordinates a = (a1, . . . , ai−1, ai+1, . . . , an), the fiber

Fi,a = {(a1, . . . , ai−1, x, ai+1, . . . , an) : x ∈ [q]}

induces a copy of the complete graph Kq inside H(n, q).

A graph F is said to be dimensionally constrained in H(n, q) if every

embedding of F into H(n, q) is contained entirely within a single fiber. A graph F is

said to be dimensionally constrained if it is dimensionally constrained in H(n, q) for

all n ≥ 2 and all q ≥ |V (F )|. Our immediate goal is to demonstrate some examples

of dimensionally constrained graphs in H(n, q).

Lemma 4.1. The following graphs are dimensionally constrained:

(1) Complete graphs Kr for r ≥ 2.

(2) Almost complete graphs Kr − e where e is an edge and r ≥ 4.

(3) Turán graphs T (m, r) where m ≥ 5 and r ≥ 3.

Proof. We prove each fact separately.

(1) Complete graphs. Let r ≥ 2, and suppose φ : Kr ↪→ H(n, q) is an

embedding. Every pair of adjacent vertices differs in exactly one coordinate. Taking

any three vertices u, v, w in this embedding. If u and v differ in only one coordinate

and v and w differ in only one other coordinate, then u and w will differ in two

coordinates. Hence, any triangle of vertices embedded in H(n, q) must all be in the

same fiber. Because Kr has every triple of its vertices forming a triangle, all vertices
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in the image must lie in the same fiber. For r = 2 this is trivially true: each edge

occupies exactly one fiber. Hence Kr is dimensionally constrained.

(2) Almost-complete graphs Kr − e. Let r ≥ 4, and let u, v be the

endpoints of the missing edge. The remaining r− 2 vertices form a (r− 2)-clique. By

part (1), the image of this (r − 2)-clique lies entirely in a single fiber F . Both u and

v are adjacent to every vertex of this clique, so they must agree on all coordinates

except possibly the coordinate indexing F ; otherwise they would fail to be adjacent

to the clique vertices. Thus φ(u) and φ(v) also lie in the same fiber F . All vertices

of Kr − e lie in F , so Kr − e is dimensionally constrained.

(3) Turán graphs. Let T (m, r) be the complete r-partite Turán graph with

parts U1, . . . , Ur and r ≥ 3, and let φ : T (m, r) ↪→ H(n, q) be an embedding.

Choose one vertex ui ∈ Ui from each part. Since vertices from different parts

are adjacent, these r vertices induce a Kr, which by part (1) must lie entirely in a

single fiber; call it F . Thus at least one vertex of each part belongs to F .

Fix a part Uj and let v be any vertex of Uj. Choose representatives ui ∈ Ui

for every i ̸= j, all lying in F . Since v is adjacent to every ui, the set

{v, u1, . . . , uj−1, uj+1, . . . , ur}

induces a copy of Kr. By part (1), every embedded Kr lies in a single fiber, and all

vertices except possibly v already lie in F , so φ(v) must also lie in F .

Since v was arbitrary in Uj, every vertex of Uj lies in F . Repeating this

argument for each part shows that every vertex of T (m, r) is mapped into the same

fiber F . Hence T (m, r) is dimensionally constrained.
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The previous lemma shows that several graph families are forced to lie en-

tirely within a single coordinate fiber whenever they appear inside a Hamming graph.

This rigidity allows us to reduce many forbidden subgraph questions on H(n, q) to

one-dimensional considerations. In particular, once a graph F is known to be di-

mensionally constrained, the presence or absence of F in a subgraph of H(n, q) is

completely determined by its behavior on individual fibers. The following lemma

formalizes this reduction.

Lemma 4.2. Let F be a dimensionally constrained graph and let G ⊆ H(n, q) be a

subgraph of a Hamming graph. Then G is F -free if and only if for every coordinate i

and every fiber

Fi,a = {(a1, . . . , ai−1, x, ai+1, . . . , an) : x ∈ [q]},

the induced subgraph G[Fi,a] is F -free.

Proof. (⇒) If G is F -free, then every induced subgraph of G is also F -free. In

particular, for each i and each fiber Fi,a, the induced subgraph G[Fi,a] is F -free.

(⇐) Suppose instead that G contains a copy of F . Since F is dimensionally con-

strained, any embedding of F into H(n, q) (and hence into G) lies entirely within a

single fiber Fi,a. Thus G[Fi,a] contains a copy of F for some i and a, contradicting the

assumption that every fiber-induced subgraph is F -free. Hence G must be F -free.

Lemma 4.2 shows that when F is dimensionally constrained, the problem of

determining the F -free extremal subgraphs of H(n, q) reduces to understanding the

extremal structure inside each fiber. In the case F = Kr, this means that a subgraph
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G ⊆ H(n, q) is Kr-free if and only if every one-dimensional fiber induces a Kr-free

graph. Thus the global extremal problem decomposes cleanly into nq n−1 independent

classical Turán problems, one per fiber. The key idea in the proof is to apply classical

Turán’s Theorem separately within each fiber. Since the fibers are edge-disjoint and

the symmetrization acts independently on each one, the extremal configuration in

H(n, q) is simply the product of the fiber-wise Turán graphs T (q, r − 1) across all

coordinates. We now record this formally in the following theorem.

Theorem 4.3 (Turán’s theorem on Hamming graphs). Let n ≥ 1, q ≥ r ≥ 2, and

consider the Hamming graph H(n, q). Then

ex
(
H(n, q), Kr

)
= nq n−1 ex(Kq, Kr) = nq n−1 |E(T (q, r − 1))|.

In particular, there exists a Kr-free subgraph G ⊆ H(n, q) with

|E(G)| = |E(T (q, r − 1)n)| = nq n−1 |E(T (q, r − 1))|,

obtained by replacing each fiber Fi,a
∼= Kq with a copy of the Turán graph T (q, r− 1).

Moreover, if G ⊆ H(n, q) is Kr-free and satisfies

|E(G)| = ex
(
H(n, q), Kr

)
,

then for every coordinate i and every fiber Fi,a, the induced subgraph G[Fi,a] is a

Turán extremal Kr-free graph on q vertices. Conversely, any subgraph of H(n, q)

whose restriction to each fiber is a Turán graph T (q, r − 1) is extremal.

Proof. Let G ⊆ H(n, q) be Kr-free. By Lemma 4.1, the clique Kr is dimensionally

constrained, so by Lemma 4.2, G is Kr-free if and only if each fiber Fi,a induces a

Kr-free subgraph of the complete graph Kq.
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Fix a fiber Fi,a. Inside this fiber, the induced subgraph G[Fi,a] is a Kr-free

graph on q vertices. Applying the classical Turán theorem to G[Fi,a] shows that

|E(G[Fi,a])| ≤ ex(Kq, Kr) = |E(T (q, r − 1))|,

with equality if and only if G[Fi,a] is a Turán extremal Kr-free graph on q vertices

(i.e. a copy of T (q, r − 1) up to isomorphism).

Since the fibers are pairwise edge-disjoint and cover all edges of H(n, q), sum-

ming over all fibers gives

|E(G)| =
∑
i,a

|E(G[Fi,a])| ≤
∑
i,a

ex(Kq, Kr) =
(
#fibers

)
ex(Kq, Kr).

There are nq n−1 fibers in H(n, q) (one for each choice of coordinate and (n− 1) fixed

coordinates), so

|E(G)| ≤ nq n−1 ex(Kq, Kr) = nq n−1 |E(T (q, r − 1))|.

This shows

ex
(
H(n, q), Kr

)
≤ nq n−1|E(T (q, r − 1))|.

For the matching lower bound, construct G∗ ⊆ H(n, q) by replacing, in each

fiber Fi,a
∼= Kq, the complete graph with a copy of the Turán graph T (q, r − 1). By

construction, every fiber of G∗ is Kr-free, so G∗ is Kr-free by Lemma 4.2. Moreover,

each fiber contributes exactly |E(T (q, r − 1))| edges, so

|E(G∗)| = nq n−1 |E(T (q, r − 1))|.

Hence

ex
(
H(n, q), Kr

)
≥ |E(G∗)| = nq n−1|E(T (q, r − 1))|,
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and combining this with the upper bound yields the desired equality.

Finally, if G is extremal with |E(G)| = ex(H(n, q), Kr), then every fiber must

achieve the Turán bound, so G[Fi,a] is an extremal Kr-free graph on q vertices for

each i, a. Conversely, any choice of extremal Kr-free graphs on each fiber yields a Kr-

free subgraph with the maximum possible number of edges. In particular, extremal

graphs are precisely those obtained by placing a Turán extremal configuration on

every fiber.

The fiber-wise characterization in Lemma 4.2 extends naturally from cliques

to any dimensionally constrained graph F . If G ⊆ H(n, q) is a subgraph and F

is dimensionally constrained, then G is F -free if and only if each one-dimensional

fiber Fi,a induces an F -free subgraph. In particular, for such F , the global extremal

problem on H(n, q) reduces to a collection of independent extremal problems on the

complete graphs Kq sitting on each fiber.

Now let F be a fixed graph with chromatic number χ(F ) = r ≥ 3, and assume

F is dimensionally constrained in H(n, q). For each fiber Fi,a
∼= Kq, the induced

subgraph G[Fi,a] is an F -free graph on q vertices. By the classical Erdős–Stone

theorem in the complete-graph setting,

ex(Kq, F ) =

(
1− 1

r − 1
+ oq(1)

)(
q

2

)
,

so the maximum number of edges we can retain inside a fiber while avoiding F is

asymptotically (1 − 1
r−1

)
(
q
2

)
. Since H(n, q) has nq n−1 fibers and the fibers are edge-

disjoint, the total number of edges in an F -free subgraph of H(n, q) is bounded above
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by

nq n−1 ex(Kq, F ) =

(
1− 1

r − 1
+ oq(1)

)
nq n−1

(
q

2

)
.

On the other hand, this bound is asymptotically attained by choosing, independently

on each fiber, an extremal F -free subgraph of Kq (for example, a Turán graph when

F contains a clique of size r). Recalling that

|E(H(n, q))| = nq n−1

(
q

2

)
,

we see that the extremal density on H(n, q) agrees with the classical Erdős–Stone

density on Kn in the regime where n is fixed and q → ∞. We summarize this as

follows.

Theorem 4.4 (Erdős–Stone theorem on Hamming graphs). Let F be a fixed graph

with chromatic number χ(F ) = r ≥ 3, and suppose F is dimensionally constrained in

H(n, q). Then, for fixed n and q → ∞,

ex
(
H(n, q), F

)
=

(
1− 1

r − 1
+ oq(1)

)
|E(H(n, q))|.

Equivalently, the Turán density of F in the Hamming graph H(n, q) in the regime of

fixed dimension and large alphabet is

lim
q→∞

ex(H(n, q), F )

|E(H(n, q))|
= 1− 1

r − 1
.
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CHAPTER 5

Conclusion and Further Directions

In this thesis we studied forbidden subgraph problems in structured host

graphs, with a particular focus on Hamming graphs H(n, q). In the dense regime

where the dimension n is fixed and the alphabet size q tends to infinity, we proved

Turán-type and Erdős–Stone-type results for graphs F that are dimensionally con-

strained. The key observation was that, for such F , every copy of F in H(n, q) is

forced to lie inside a single fiber, so the global extremal problem decomposes into

independent classical extremal problems on each copy of Kq. This allowed us to

transfer classical results on Kn to the Hamming graph setting and to describe the

extremal configurations as products of fiber-wise Turán graphs. Several natural di-

rections remain open. In this chapter we outline a few possible avenues for further

research.

5.1 Even Cycles and Chung-Type Results on Hamming Graphs

Chung’s work on even cycles in the hypercube Qn = H(n, 2) shows that the

choice of host graph can dramatically alter extremal behavior: in Qn, the cycles

C4 and C6 behave as exceptional configurations with positive Turán density, while

longer even cycles C4k have vanishing density. It is natural to ask whether analogous

phenomena occur in Hamming graphs H(n, q) when q is large.

Question. For fixed n and large q, what is the asymptotic behavior of

ex(H(n, q), C2k)

|E(H(n, q))|

for even cycles C2k? In particular, do there exist values of k and n for which C2k
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has positive extremal density in H(n, q), and for which values does the normalized

extremal number tend to zero as q → ∞?

The methods developed in this thesis rely heavily on F being dimensionally

constrained. Even cycles are not dimensionally constrained in general: copies of

C2k in H(n, q) may use multiple coordinates in nontrivial ways. Adapting Chung’s

projection and direction-counting ideas from the hypercube to Hamming graphs with

q > 2 therefore presents an interesting challenge. One would like to know whether

there is a similar dichotomy between short and long cycles in H(n, q), and how this

depends on both n and q.

5.2 Extremal Problems in the High-Dimensional, Fixed-q Regime

The main results of this thesis focus on the situation that the dimension n is

fixed and the alphabet size q tends to infinity. In this setting, embeddings of many

graphs F collapse into single coordinate fibers, and the extremal problem decomposes

into independent classical questions on Kq. A very different set of behaviors emerges

when the alphabet size q is fixed and the dimension n tends to infinity. This is the

setting closest to Chung’s work on even cycles in the hypercube Qn = H(n, 2), and

many of the extremal phenomena observed in the binary case appear to extend to

general Hamming graphs.

Question. For fixed q and n → ∞, what is the asymptotic behavior of

ex(H(n, q), F )

|E(H(n, q))|

for various forbidden graphs F? Which graphs F have positive extremal density in

high dimension, and for which does the normalized extremal number tend to zero?
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Chung’s results show that in the hypercube Qn the cycles C4 and C6 have

positive extremal density, while longer cycles C4k have vanishing density. For q >

2 the situation is more complicated. Copies of C2k may use different coordinate

values within the same coordinate, and embeddings can distribute themselves across

coordinates in ways that do not occur in the binary case.

Question. For fixed q ≥ 3, which even cycles C2k satisfy

lim
n→∞

ex(H(n, q), C2k)

|E(H(n, q))|
> 0,

and for which values of k does this limit vanish? Does the answer depend monotoni-

cally on q?

A central feature of extremal problems in the hypercube is that the number

of edges in each direction provides a powerful invariant. For H(n, q) each coordinate

contributes not only a direction but also a complete graph Kq, creating a richer set

of projection behaviors.

Question. Can extremal subgraphs of H(n, q) be analyzed through the distribution

of their edges across coordinate directions and across the q possible values within each

coordinate? Is there a projection or compression principle analogous to those used

by Chung for the hypercube?

Developing such projection theories for general q could lead to new upper

and lower bounds for extremal problems in high dimension and provide a unifying

framework for understanding extremal problems on Hamming graphs.
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5.3 Characterizing Dimensionally Constrained Graphs

Our results exploit the fact that certain graphs (such as cliques, almost-cliques,

and sufficiently large Turán graphs) are dimensionally constrained: any embedding

into H(n, q) must lie inside a single coordinate fiber. This property is central to the

fiber-wise reduction in Lemma 4.2, yet our understanding of which graphs enjoy this

property is still quite limited.

Question. Can we characterize the graphs F that are dimensionally constrained in

H(n, q)? What structural conditions on F (e.g. high minimum degree, large clique

number, or some form of local density) guarantee that every copy of F in H(n, q) is

contained in a single fiber?

Even partial classifications would be useful. For example, one might ask

whether every sufficiently dense graph F with χ(F ) ≥ 3 is dimensionally constrained

when n is fixed and q is large, or whether there exist sparse but highly structured

graphs that are dimensionally constrained for combinatorial reasons unrelated to den-

sity. Understanding this phenomenon more systematically could substantially extend

the range of forbidden graphs F for which our Hamming graph Turán and Erdős–

Stone analogues apply.

5.4 Partially Dimensionally Constrained Graphs

A natural relaxation of our main hypothesis is to allow F to occupy a bounded

number of coordinates instead of a single fiber. This naturally leads to the notion

of a graph beign k-dimensionally constrained. A graph F is k-dimensionally

constrained in H(n, q) if every embedding of F into H(n, q) uses at most k distinct
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coordinates; equivalently, the images of the vertices of F lie in a subgraph isomorphic

to H(k, q). The case k = 1 corresponds to the dimensionally constrained graphs

studied in this thesis. The next natural step is k = 2.

Question. Suppose F is 2-dimensionally constrained in H(n, q) and χ(F ) ≥ 3. In

the dense regime of fixed n and q → ∞, can we obtain Turán-type or Erdős–Stone-

type results for ex(H(n, q), F ) analogous to the one-dimensional case? In particular,

does the extremal problem reduce to an extremal problem on H(2, q), and can we

describe the corresponding extremal configurations?

Even in the k = 2 case, copies of F may interact across fibers in more com-

plicated ways, and simple fiber-wise symmetrization no longer suffices. However, one

might hope to develop a mixed strategy that combines fiber-wise arguments with

symmetrization or averaging on two-dimensional slices H(2, q), perhaps using prod-

uct decompositions or projections onto coordinate planes. Understanding how far the

methods of this thesis extend to k-dimensionally constrained graphs is a promising

direction for future work.

Taken together, these questions highlight the broader theme of this thesis: ex-

tremal problems in structured host graphs are governed not only by global parameters

such as chromatic number, but also by the way forbidden configurations interact with

the product structure of the host. The results here provide a first step in the dense

Hamming-graph regime, and suggest that there is a rich landscape of phenomena yet

to be explored.
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[3] Paul Erdős and Arthur Stone. “On the number of edges in a graph”. In: Bulletin

of the American Mathematical Society 52 (1946).

[4] A. A. Zykov. “On some properties of linear complexes”. In: Matematicheskii

Sbornik (N.S.) 24(66) (1949). English translation: American Mathematical So-

ciety Translations, Series 2, pp. 163–188.
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